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Abstract: An upgrade is presented of a recently published model for the calculation of statistical
averages of turbulent flow variables. Instead of empirical constructions, important parts of the
model are based on general principles of statistical turbulence and physics. The upgrade concerns
transparent and simplified descriptions of turbulent diffusion and Reynolds stresses which express
their dependency of mean flow gradients in a direct manner. As before, prediction comparisons
are satisfactory in relation to the results of DNS of channel flow. Implementation in a CFD code is
straightforward and its application provides a significant improvement to the results of the widely
used empirical basic k-ϵ model.

Keywords: turbulent flow; new k-ϵ model

1. Introduction

Models of computational fluid dynamics (CFD) are generally based on semi-empirical
descriptions of diffusion by turbulent fluctuations [1,2]. This includes the basic k-ϵ model
widely used in engineering and environmental analysis and offered in software pack-
ages [3,4]. Recently, a new model was presented [5]. Instead of empiricism, it rested on the
application of general principles and properties of statistical turbulence. Predictions of the
new model compared favourably with the results of direct numerical simulations (DNS) of
channel flow at a large Reynolds number [6–8]. This contrasted with the predictions of the
basic k-ϵ model which showed remarkable differences.

In the present paper, an upgrade and generalisation of the new model is given. As
before, it is tested against DNS of channel flow. Equations are presented in a form which
enable straightforward implementation in CFD codes.

2. Averaged Conservation Equations

Equations are presented for the calculation of the average values of fluctuating vari-
ables in turbulent flows. The flow is that of a fluid with constant or almost constant density
ρ, e.g., a liquid or a gas at subsonic speed. Turbulent fluctuations measured at a fixed
point in space are treated as a statistical process which is stationary or almost stationary in
time compared to the time of velocity fluctuations. Statistical averages follow from time
averaging over sufficiently long time intervals. The time averaged representation of the
Navier–Stokes equations is given by
Conservation of mass:

∂ui

∂xi
= 0 (1)

Conservation of momentum:

∂ui

∂t
+ uj

∂ui

∂xj
+

∂ < u′
iu

′
j >

∂xj
= −

∂p

∂xi
(2)
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Conservation of energy:

∂θ

∂t
+ uj

∂θ

∂xj
+

∂ < u′
jθ
′ >

∂xj
= 0 (3)

where angled brackets represent statistical averaging, t and x are time and space coordinate,
u, p, and θ are mean or time-averaged values of fluid velocity, pressure, and temperature,
respectively, and u′ and θ represent fluctuations of velocity and temperature, respectively,
that is, the velocity and temperature minus their mean value. Throughout this paper, re-
peated indices imply summation unless otherwise stated. As we were concerned with flow
at a high Reynolds number, the contributions of the viscous forces and heat conductivity
present in the Navier–Stokes equations were dropped. Their effect can be disregarded
when considering the main flow governed by the instability of inviscid flow outside small
boundary layers. The average temperature in energy within Equation (3) can also be used
to describe the average distribution of passive or almost passive admixture in the fluid.

3. Diffusion Representations of Turbulent Fluxes

The appearance of turbulent fluxes in the convection terms of the averaged conserva-
tion equations results in an unclosed set of equations for mean flow variables. To resolve
this issue, descriptions of the turbulent flux terms were derived, which are based on general
principles of statistical turbulence at a large Reynolds number [5,9]. The derivation starts
from the formulation of a Langevin or fluctuation equation and the associated Fokker
Planck or diffusion equation for the velocity and position of a marked fluid particle [10–13].
The approach is known from molecular dynamics and related stochastic problems [14–17]
yielding the descriptions of the transport coefficients of viscosity, thermal conductivity, and
diffusion of dilute gases [17,18]. Challenges in the case of turbulence are the inhomoge-
neous and anisotropic nature of turbulence, dissipation of energy, and general specification
of the coefficients of the equations by Eulerian statistical values of flow.

The following principles and properties were invoked:

– The formulation of a Langevin equation for fluid particle velocity is in accordance
with the property that autocorrelations of particle accelerations are vanishingly short
compared to those of velocities in the limit of a large Reynolds number [19].

– Kolmogorov’s similarity theory holds for the small viscous scales of turbulence [19];
it is an inertial subrange representation that specifies the white noise term in the
Langevin equation.

– Solutions of the Langevin and diffusion equation are presented by a perturbation
expansion in powers of the inverse of the Kolmogorov constant C0 [8–11]. Match-
ing predictions with data of measurements and DNS reveal values of C0 around
6–7 [10–13,20,21]. In the present analysis, C0 = 7.

– The time scale of velocity fluctuations and its decorrelation scales as C−1
0 compared to

the time scale of energy dissipation. It enables us to treat the first term of the solution as
a Hamiltonian process and to apply the fluctuation–dissipation theorem and Onsager
symmetry [14–17].

– The well-mixing principle of Lagrangian and Eulerian velocities [22] enables to specify
the second term in the expansion of the diffusion result.

– Particle displacement during velocity correlation scales as C−1
0 compared to the scale

of inhomogeneity, enabling the Lagrangian formulation to be converted in an Eulerian
one [9,13].

Results for turbulent fluxes of momentum and conservative scalars are as follows [5,9,13]:
Momentum flux

< u′
ju

′
i >=

2
3

k0δij − Dik

∂uj

∂xk
− Djk

∂ui

∂xk
(4)
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Temperature flux (and flux of any conservative scalar)

< u′
jθ
′ >= −Djk

∂θ

∂xk
(5)

In Equation (4), δij is Kronecker delta and k0 is the kinetic energy of the isotropic state. It is
the analogue of the kinetic energy of translating gas molecules [23]. The value of k0 follows
from the equation for kinetic energy presented in the next section.

The diffusion coefficient Dij in Equations (4) and (5) is specified by [5,9,13]

Dij = 2C−1
0 ϵ−1σinσnj + 2C−2

0 ϵ−2σliσjkun
∂σlk

∂xn
− 4C−2

0 ϵ−1σkjun
∂

∂xn
(ϵ−1σimσmk) (6)

where
σij =< u′

iu
′
j > (7)

ϵ is the energy dissipation rate whose governing equation is presented in Section 5, and
C0 = 7 is the Kolmogorov constant.

Implementing the above expressions in Equation (4) results in a set of algebraic
relations of the covariance tensor σij in terms of k0 and mean velocity gradients. Solving
these non-linear coupled equations for given k0 and mean velocity gradients can pose
some problems due to multi-valued dependencies between variables in specific areas of the
flow field [5]. An alternative formulation which circumvents such problems is obtained by
the following procedure. The diffusion coefficients on the right-hand side of Equation (4)
represent a certain state which is altered by the gradients of the mean flow, leading to a new
state of covariance values described by the left-hand side of Equation (4). This principle

can be applied to any state. It can be applied to a basic isotropic state σij =
2
3

k0δij. The

thus-determined new state can serve as the basis for the calculation of the next state. This
process can be continued up to and including terms of O(C−2

0 ). The result inhibits the same
truncation error as the original formulation, cf. Equation (6). For the diffusion coefficient
Dik, we obtain

Dik =
8
9

k2
0

C0ϵ
δik −

4k0

3
(

4
3

k0

C0ϵ
)2(

∂uk

∂xi
+

∂ui

∂xk
) +

16k6
0

27C2
0ϵ4

(un
∂

∂xn
(

ϵ2

k3
0
))δik (8)

while the covariance tensor σij is given by Equation (4) with the diffusion coefficients

according to Equation (8). For kinetic energy k =
σii

2
, we can write

k = k0(1 +
1
3
(

4k0

3C0ϵ
)2(

∂ui

∂xj
+

∂uj

∂xi
)2) (9)

which relates k to the isotropic value of kinetic energy k0. The second term on the RHS
of this equation describes the increase in kinetic energy associated with the anisotropy
of turbulent fluctuations. The expression is obtained upon implementing the description
for σii according to Equations (4) and (8) and making use of the equation of continuity
Equation (1).

The last term of the RHS of Equation (8) originates from the O(C−2
0 ) terms in Formu-

lation (6). The term complies with the decaying part of kinetic energy and dissipation of
homogeneous isotropic turbulence behind a grid [11–13]. The second term on the RHS of
Equations (8) and (9) describes contributions, which are associated with the anisotropy
caused by main flow gradients.

The presented descriptions are valid up to a truncation error of O(C−3
0 ). They are the

result of applying general principles and do not involve empiricism nor calibration factors.
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4. Equation for Kinetic Energy

A closed set of equations is obtained upon formulating equations for k connected to k0
through Equation (9), as well as ϵ. For both variables, equations can be derived from the
Navier–Stokes equations. For k, we can write [7,8]

∂k

∂t
+ ui

∂k

∂xi
+

∂ < u′
ik
′ >

∂xi
+ ρ−1 ∂ < u′

i p
′ >

∂xi
= P − ϵ (10)

where P is the mean production of energy via turbulent fluctuations defined by

P = σij
∂ui

∂xj
(11)

and where k′ and p′ are the fluctuating parts of kinetic energy and pressure, respectively,
that is, the kinetic energy and dissipation rates minus their time-averaged values. There
are two turbulent flux terms in Equation (10), i.e., the third and fourth term on the LHS
of Equation (10), which need to be modelled. Equation (5) is valid for a conservative
scalar, while kinetic energy and pressure are non-conservative variables. An approximate
approach is to treat the sum of the two flux terms as a conservative scalar proceeded by a
calibration constant ck, which corrects for non-conservative behaviour [5].

< u′
ik
′ > + ρ−1 < u′

i p
′ >= −ckDij

∂k

∂xj
(12)

Comparison with DNS of channel flow reveals ck = 1.3; the dependency on distance from
the channel wall is found to be well described by Dij [5].

Substituting for σij in Equation (11), as well as using Equations (4), (7) and (8) and
making use of the equation of continuity Equation (1) yields the following:

P = (
9C0T2

8k2
0

)ϵ (13)

where T2 is determined by shear stresses:

T2 = σ2
12 + σ2

23 + σ2
13 (14)

which are specified by Equations (4) and (8). Thus, the following equation for kinetic energy
is obtained:

∂k

∂t
+ ui

∂k

∂xi
= ck

∂

∂xi
(Dij

∂k

∂xj
) + (

9C0T2

8k2
0

− 1)ϵ (15)

where k can be replaced by k0 using Equation (9), resulting in an equation specifying k0.
The equation describes the change of k0 due to energy production and dissipation (the last
term on RHS), diffusion of energy (the first term on the RHS), and energy convection (the
term on the LHS). In case of the random motion of gasmolecules, k0 is a constant depending
on temperature. In case of turbulence, k0 changes in value according to Equation (15).

5. Equation for Energy Dissipation

The basic form of the equation for energy dissipation obtained from the Navier–Stokes
equations contains a number of terms which are governed by the small viscous scales of
turbulence [1,2]. The terms can be replaced by expressions that meet the criteria of matching
the results of decaying grid turbulence and the log layer of wall-induced turbulence [1,2].

∂ϵ

∂t
+

∂uiϵ

∂xi
=

∂

∂xi
(

Dij

σ∗
ϵ

∂ϵ

∂xj
) + (cϵ1P − cϵ2ϵ)

ϵ

k
(16)
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where the turbulent flux of energy dissipation is modelled as a conservative scalar pro-
ceeded by the calibration factor σ∗

ϵ . A comparison with DNS of channel flow revealed
σ∗

ϵ = 0.3. To match the decaying grid turbulence, the appropriate value for cϵ2 was set to
1.9, while the value of cϵ1 followed from the relation

cϵ1 = cϵ2 −
κ2

σ∗
ϵ

√

9C0

8
(1 +

8
3C0

) (17)

The relation follows from Equation (16) by considering the behaviour of the equation near
a wall where the log layer solution applies and where production equals dissipation.

6. Boundary Conditions

Equations (1)–(5), (7)–(9), (11) and (13)–(17) constitute a closed set of equations for the
variables ui, p, < u′

iu
′
j >, < u′

iθ
′ >, Dij, k, ϵ, and k0. Boundary conditions to be applied

to the differential equations will vary from case to case, depending on the configuration
under consideration. In many cases, they will be similar to those used in the basic k-ϵ
model [1,2]. Along walls, thin boundary layers are present where the present formulae that
are entirely devoted to large-scale turbulence at a high Reynolds number do not apply. In
case of the equations for kinetic energy and energy dissipation, the area of the boundary
layers can be surpassed by making use of the solutions of the log layer, which are valid just
outside the boundary layer [1,2]. In the next section, this will be demonstrated for the case
of channel flow.

7. Test Case: Channel Flow

We considered the flow between parallel plates with distance 2H between them. Mean
flow is parallel to the plates in direction x1. Statistical averages vary with distance x2 from
the wall. From the conservation Equations (1)–(3), analytical solutions can be derived [9,24].
This includes the solution for the turbulent shear stress outside the thin viscous layer at
the wall.

< u′
1u′

2 >= −u2
τ(1 −

x2

H
) (18)

where uτ is shear velocity. Its value follows from the solutions of the boundary layer at the
wall [1,2,24]. It can also be obtained from the pressure drop over the channel [24]. Another
expression for shear velocity is provided by the diffusion description for turbulent shear,
which, in the case of channel flow, was obtained from Equations (4) and (8) as

< u′
1u′

2 >= −D22
du1

dx2
(19)

D22 =
8
9

k2
0

C0ϵ
(20)

where D22 is the diffusion coefficient of turbulent shear flow or turbulent viscosity. Equating
the RHS’s of Equations (18) and (19) and implementing Equation (20) yields an expression
for du1

dx2
, which, upon substituting into the RHS’s of Equations (4), (8) and (9), yields the fol-

lowing expressions for the mean squares of fluctuating velocities and mean kinetic energy:

< u′
2u′

2 >=< u′
3u′

3 >=
2
3

k0 (21)

< u′
1u′

1 >=
2
3

k0 +
6
k0

u4
τ(1 −

x2

H
)2 (22)

k = k0 +
3
k0

u4
τ(1 −

x2

H
)2 (23)
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The differential equations for k0 with k specified by Equation (23) and ϵ with k, again
specified by Equation (23), are given by

8ck

9C0

d

dx2
(

k2
0

ϵ

dk

dx2
) +

(9C0u4
τ(1 −

x2

H
)2

8k2
0

− 1
)

ϵ = 0 (24)

8k

9σ∗
ϵ C0

d

dx2
(

k2
0

ϵ

dϵ

dx2
) +

(

cϵ1

9C0u4
τ

(

1 −
x2

H

)2

8k2
0

− cϵ2

)

ϵ2 = 0 (25)

At the outer edge of the thin viscous laminar and buffer layer at the wall, the solutions

for the log layer apply: du1
dx2

= −
uτ

κx2
and ϵ =

u3
τ

κx2
which pertains to the production being

equal to dissipation and where κ is the Von Karman constant: κ = 0.4. Using Equations (19)
and (20), we then obtain the following boundary conditions:

k0 =

√

9C0

8
u2

τ ; ϵx2 =
u3

τ

κ
at x2 =

100H

Reτ
(26)

where Reτ is friction Reynolds number Reτ = uτ H
ν that is large, such that 100

Reτ
<< 1. At the

symmetry axis of the channel, we have

dk0

dx2
= 0;

dϵ

dx2
= 0; at x2 = H (27)

The boundary value for k0 in Equation (26) also follows from the term between brackets in
energy within Equation (24). The term originates from the difference between production
and dissipation. Setting to zero results in the value for k0 given by Equation (26).

Asymptotic analysis of the boundary layer [24], (pp. 279–281), reveals unspecified
values for covariances at the outer edge of the layer. Normalised with shear velocity uτ ,

these values and the distributions of
σij

u2
τ

with respect to
x2

H
are entirely determined by the

statistics of the large scales, which are governed by mean flow gradients. This is reflected
in the solutions from Equations (21)–(23).

Values for k0 and ϵ were derived by obtaining the numerical solutions of Equations (24)
and (25) that were subject to the boundary conditions of Equations (26) and (27). These
values were used to determine the diffusion coefficient of turbulent shear stress or viscosity
D22, according to Equation (20); of the Reynolds stresses, according to Equations (21) and
(22); and of the kinetic energy k according to Equation (23). Predictions were compared
with the DNS results for Reτ = 104 [7]. In Figures 1 and 2, kinetic energy k and the
energy dissipation rate represented by G = κϵx2 are presented as a function of distance

from the wall
x2

H
. In Figure 3, plots are presented of the diffusion constant according

to Equation (20) and turbulent viscosity νt = −
<u′

1u′
2>

du1
dx2

according to the DNS. Figure 4

shows the distributions of the standard deviations of the three velocity fluctuations, both
according to the model and the DNS. In Figure 5, mean velocities u1 obtained through the
integration of Equation (19) and obtained from the DNS are shown. Integration starts at

x2 =
100H

Reτ
with a value of u1 in accordance with its value for the boundary layer at this

point. In all figures, the viscous layer at 0 < x2
H < 0.01 is omitted.
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u

′ iu
′ i
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u
2 τ

x
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/H 

 

 

DNS
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Figure 1. Dimensionless kinetic energy of fluctuations versus dimensionless distance from the channel
wall (0.01 ≤

x2
H ≤ 1) according to DNS at Reτ = 104 and the anisotropic model.
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Figure 2. Dimensionless and normalised energy dissipation rate versus dimensionless distance from
the channel wall (0.01 ≤

x2
H ≤ 1) according to DNS at Reτ = 104 and the anisotropic model.
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Figure 3. Dimensionless turbulent diffusion constant versus dimensionless distance from the channel
wall (0.01 ≤

x2
H ≤ 1) according to DNS at Reτ = 104 and the anisotropic model.
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Figure 4. Dimensionless standard deviations of fluctuating velocities versus dimensionless distance
from the channel wall (0.01 ≤

x2
H ≤ 1) according to DNS at Reτ = 104 and the anisotropic model.
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Figure 5. Dimensionless mean velocity versus dimensionless distance from the channel wall
(0.01 ≤

x2
H ≤ 1) according to DNS at Reτ = 104 and the anisotropic model.

8. Discussion of Results

Analytical expressions were given for turbulent diffusion and Reynolds stresses,
describing their dependency on the gradients of mean flow. They are the result of further
expanding previously published descriptions of these quantities [5] in powers of the
inverse of the Kolmogorov constant C0 while retaining the same truncation error (Section 3).
Differences between the previously presented results for channel flow [5] and those of the
upgraded model are limited. They are due to the direct or implicit inclusion of terms of an
order higher than C−2

0 when using original Formulation (6), as was carried out in [5]; in
the present upgraded model, such terms were dropped. Differences are indicative for the
inaccuracy of truncation for both approaches. The advantage of the present model is that it
provides a direct insight into the effect of mean flow gradients on parameters of turbulence.
Moreover, implementation in a numerical code is much more easy as it circumvents the
solution of complicated algebraic equations for covariances.
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Predicted values of turbulent viscosity, turbulent diffusion of conservative scalars
(temperature, passive admixture), and of mean velocity compare quite well with those of
DNS of channel flow (Figures 3 and 5 and the results of ref. [8]). This contrasts with the
predictions of the empirical basic k-ϵ model, revealing remarkable differences [5]. In the
basic k-ϵ model, the turbulent diffusion coefficient is modelled by the following relation:

Dij = cµ
k2

ϵ
δij (28)

where cµ is a calibration constant whose value is usually set to 0.09 [1–4]. Using DNS data

for
k2

ϵ
, the value of the diffusion coefficient according to Equation (28) is seen to differ

significantly from that of the DNS (Figures 1 and 2 of ref. [5]). Differences vary strongly
with the distance from the wall, which indicates that the functional relationship according
to Equation (28) is not a good representation of the turbulent diffusion of momentum [5].
It contrasts with the results of the present model. In case of channel flow, the second and
third terms on the RHS of Equation (8) become zero when determining D22, as is seen
in Equation (20). Only the isotropic part of the general expression for diffusion remains
in case of D22. However, this isentropic representation differs from the semi-empirical
model according to Equation (28). Firstly, Equation (20) does not contain a calibration
factor, but it is specified by the universal Kolmogorov constant. Secondly, the value of the
diffusion constant is determined by the kinetic energy associated with the isotropic state
k0. This parameter is smaller than the kinetic energy of anisotropic flow, as follows from
Equation (9), and its dependency on distance from the wall is different as well. The result
supports a favourable comparison of the present model with DNS (Figure 3).

Model results for kinetic energy and energy dissipation shown in Figures 1 and 2 are in
satisfactory agreement with DNS. Results for the root mean squares of velocity fluctuations
reveal basic trends of anisotropy (Figure 4). Deviations from DNS may be attributed to the
omission of higher-order terms in the Langevin and diffusion equation, which were the
origin of the present results.

The only fit factors in the model are ck and σ∗
ϵ , which calibrate the magnitudes of the

diffusion terms in the k-ϵ equations. Their effect on statistical predictions is limited to areas
where turbulent shear stresses are small, e.g., in the core of channel flow [5].

9. Conclusions

The predictions of mean values of turbulence quantities using the anisotropic k-ϵ
model show good to satisfactory agreement with the results of DNS of inhomogeneous
anisotropic channel flow. Since important parts of the model are general, its application
to other cases of turbulence has the potential of yielding good predictions as well. The
equations underlying the model enable a straightforward implementation in a CFD code,
starting from the code of the basic k-ϵ model.
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